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Abstract
An exact, closed-form analytical solution is derived for one-dimensional (1D), coupled, steady-state

advection-dispersion equations with sequential first-order degradation of three dissolved species in groundwater.
Dimensionless and mathematical analyses are used to examine the sensitivity of longitudinal dispersivity in the
parent and daughter analytical solutions. The results indicate that the relative error decreases to less than 15% for
the 1D advection-dominated and advection-dispersion analytical solutions of the parent and daughter when the
Damköhler number of the parent decreases to less than 1 (slow degradation rate) and the Peclet number increases
to greater than 6 (advection-dominated). To estimate first-order daughter product rate constants in advection-
dominated zones, 1D, two-dimensional (2D), and three-dimensional (3D) steady-state analytical solutions with
zero longitudinal dispersivity are also derived for three first-order sequentially degrading compounds. The closed
form of these exact analytical solutions has the advantage of having (1) no numerical integration or evaluation
of complex-valued error function arguments, (2) computational efficiency compared to problems with long times
to reach steady state, and (3) minimal effort for incorporation into spreadsheets. These multispecies analytical
solutions indicate that BIOCHLOR produces accurate results for 1D steady-state, applications with longitudinal
dispersion. Although BIOCHLOR is inaccurate in multidimensional applications with longitudinal dispersion, these
multidimensional multispecies analytical solutions indicate that BIOCHLOR produces accurate steady-state results
when the longitudinal dispersion is zero. As an application, the 1D advection-dominated analytical solution is
applied to estimate field-scale rate constants of 0.81, 0.74, and 0.69/year for trichloroethene, cis-1,2-dichloroethene,
and vinyl chloride, respectively, at the Harris Palm Bay, FL, CERCLA site.

Introduction
Degradation rates of daughter products can be a

controlling factor on the cleanup rate at some sites
with contaminated groundwater. Therefore, obtaining
reasonably accurate estimates of rate constants of daughter
products is important for estimating the remedial
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timeframe particularly for monitored natural attenuation
(MNA). Multispecies models have an advantage over
single-species models in estimating daughter product rate
constants because multispecies models can account for
mass accumulation from parent compounds. Many degra-
dation processes either undergo first-order or pseudo
first-order sequential reaction kinetics including decay of
radionuclides and reductive dechlorination of chlorinated
solvents (e.g., PCE→TCE→DCE→VC→ethene). When
more mobile, toxic, and/or persistent daughter products
such as vinyl chloride (VC) are formed, the applica-
tion of multispecies analytical solutions with first-order
sequential reactions is a useful tool for examining both
the potentially greater downgradient plume extent and
higher concentration levels of these degradation products
at possible exposure points in risk assessments.
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The primary objective of this paper is to present
practical closed-form, multispecies analytical solutions for
use in improving estimates of first-order biodegradation
rate constants of sequentially transforming chemicals in
steady-state plumes. Advantages of these closed-form ana-
lytical solutions are that they do not require numerical
integration, are easy to implement in spreadsheets and
other software, and are computationally efficient for use in
Monte-Carlo analysis. Given their particular assumptions,
these exact analytical solutions are not subject to the sig-
nificant errors (West et al. 2007) that can occur in codes
such as BIOCHLOR and BIOSCREEN (Newell et al.
1996; Aziz et al. 2000), which incorporate the Domenico
(1987) solution, and introduce mathematical error when
the specified value for the longitudinal dispersion coef-
ficient is nonzero (Srinivasan et al. 2007). In addition,
closed-form multidimensional analytical solutions are
useful in checking the accuracy of numerical solutions
particularly in advection-dominated conditions where arti-
ficial numerical dispersion can occur.

In this paper, a closed-form analytical solution
is first presented for a one-dimensional (1D) steady-
state advection-dispersion equation for three first-order
sequentially degrading species. For sites with approxi-
mate steady-state plumes of slowly degrading chemicals
and relatively high groundwater velocities, dimensionless
analyses are presented that indicate longitudinal hydrody-
namic dispersion is relatively unimportant, which further
reduces the number of required model parameters. Uti-
lizing this conclusion, closed-form analytical solutions
are developed for steady-state two-dimensional (2D) and
three-dimensional (3D) transport of three sequentially
degrading species with constant concentration vertical pla-
nar source boundary conditions in advection-dominated
aquifers and compared to the BIOCHLOR model. Addi-
tional analyses of the 1D analytical solution are performed
including: (1) estimating the time to reach steady state;
(2) deriving spatial plume moments of the parent and
degradation products; and (3) determining both locations
and values of maximum concentrations of degradation
products. The uncertainty of the 1D multispecies analyt-
ical solution is also examined by comparison to plume
centerline concentrations of the 2D and 3D multispecies
analytical solutions. As a practical example, the closed-
form analytical solutions are applied to estimate the
field-scale, anaerobic biodegradation rate constants of
trichloroethene (TCE), cis-1,2-dichloroethene (DCE), and
VC at the Harris CERCLA site in Palm Bay, FL.

1D Steady-State Analytical Solution
to Advection-Dispersion Equations for Three
Species Undergoing First-Order Sequential
Degradation

West et al. (2007) state that significant errors can
occur in calculated steady-state plume centerline concen-
trations in software programs (e.g., BIOSCREEN and
BIOCHLOR) based on the Domenico (1987) solution

and recommend exact analytical solutions. An exact,
closed-form 1D analytical solution for three sequentially
degrading species is presented as follows. The govern-
ing equations for 1D, steady-state concentrations of three
chemicals undergoing advection, hydrodynamic disper-
sion, and sequential first-order chain decay with a constant
concentration point source are:

d2C1

dx2
− v

Dx

dC1

dx
− k1C1

Dx

= 0

d2C2

dx2
− v

Dx

dC2

dx
− k2C2

Dx

= −y21k1C1

Dx

(1)

d2C3

dx2
− v

Dx

dC3

dx
− k3C3

Dx

= −y32k2C2

Dx

C1(0) = C10 C1 → 0 as x → ∞
C2(0) = C20 C2 → 0 as x → ∞
C3(0) = C30 C3 → 0 as x → ∞

where C1, C2, and C3 are the parent and sequential
daughter product concentrations, C10, C20, and C30 are the
parent and sequential daughter product concentrations at
the source, x is the downgradient distance from the source,
v is the average linear groundwater velocity, Dx is the
longitudinal dispersion coefficient (Dx = Doi� + axv),
ax is the longitudinal dispersivity, Doi is the free-solution
diffusion coefficient for species i, � the tortuosity, y21

is the effective yield coefficient indicating the mass of
species (C2) produced from its parent (C1), y32 is effective
yield coefficient indicating the mass of species (C3)

produced from its parent (C2), and k1, k2, and k3, are
the first-order degradation rate constants of the parent and
sequential daughter products.

These coupled second-order ordinary differential
equations can be solved sequentially using the method
of undetermined coefficients (Boyce and DiPrima 1977).
The general solution (Burnell et al. 2007) is:

C1 = C10er1x (2a)

C2 = C20er2x + C10
k1y21

k1 − k2
(er2x − er1x) (2b)

C3 = C30er3x − C10k1y21k2y32

(k1 − k2)(k1 − k3)
(er3x − er1x)

+
[

C10k1y21k2y32

(k1 − k2)(k2 − k3)
+ C20k2y32

(k2 − k3)

]
(er3x − er2x)

(2c)

where for i = 1, 2, 3 ri = v
2Dx

−
√

v2

4D2
x

+ ki

Dx
and ri < 0.

Biodegradation is assumed to occur only in the
aqueous phase. When biodegradation is assumed to occur
in both the aqueous and sorbed phases, the rate constant
ki should be replaced by Riki where Ri is the retardation
factor of species i with i = 1, 2, and 3. Srinivasan and
Clement (2008) present a steady-state, first-order chain
decay solution for an arbitrary number of compounds.
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Dimensionless Analysis of 1D
Advection-Dominated Solution for Parent
and Daughter Product

When the longitudinal dispersion coefficient is 0, the
governing equations for 1D, steady-state concentrations
of parent and daughter chemicals undergoing advection
and sequential first-order chain decay with a constant
concentration point source are:

dC1

dx
+ k1C1

vx

= 0 (3a)

dC2

dx
+ k2C2

v
= y21k1C1

v
(3b)

C1(0) = C10 C1 → 0 as x → ∞ (3c)

C2(0) = 0 C2 → 0 as x → ∞ (3d)

In the boundary condition (Equation 3d), the daughter
concentration is zero at the source and therefore the
daughter compound is only generated by degradation of
the parent.

This first-order linear system of differential equations
(ODEs) can be solved sequentially using an integrating
factor (Boyce and DiPrima 1977). The analytical solu-
tion is:

C1 = C10e−k1x/v (4a)

C2 = C10
k1y21

k1 − k2
(e−k2x/v − e−k1x/v) (4b)

In order to compare analytical solutions with and
without longitudinal dispersion, the following dimension-
less parameters are defined:

CD1 = C1

C10
CD2 = C2

C10y21
XD = x

x0

Pe = vx0

Dx

Da1 = k1x0

v
Da2 = k2x0

v

(5)

where CD1 and CD2 are the relative concentrations of the
parent and daughter compounds, x0 is an arbitrary distance
from the source in the x direction, XD is the dimensionless
distance in the x direction, Pe is the Peclet number, Da1

is the Damköhler number of the parent, and Da2 is the
Damköhler number of the daughter. The Peclet number
is a measure of the relative importance of advection
compared to longitudinal dispersion. For Pe defined in
Equation 5, the free-solution diffusion coefficient, which
is relatively unimportant for advection-dominated flow,
is assumed to have the same value for each constituent.
The Damköhler number measures the relative importance
of degradation compared to advection. As discussed in
Guyonnet and Neville (2004), the dimensionless distance
XD is defined relative to an arbitrary distance from the
source so that taking XD = 1 implies that the results
are applicable to any point x = x0. On the basis of the
dimensionless parameters defined earlier, the analytical
solution for advection and sequential first-order sequential

degradation with zero longitudinal dispersion of parent
(Equation 4a) and daughter (Equation 4b) is:

CD1 = e−Da1xD (6a)

CD2 = Da1

Da1 − Da2
(e−Da2xD − e−Da1xD ) (6b)

The analytical solutions for advection, longitudinal
dispersion, and sequential first-order degradation of the
parent (Equation 2a) and daughter (Equation 2b) com-
pounds in dimensionless form are:

CD1 = e
Pe
2

(
1−

√
1+4

Da1
Pe

)
xD

(7a)

CD2 = Da1

Da1 − Da2

×
[

e
Pe
2

(
1−

√
1+4

Da2
Pe

)
xD − e

Pe
2

(
1−

√
1+4

Da1
Pe

)
xD

]

(7b)

At sites with relatively high groundwater velocities,
the steady-state 1D analytical solutions are less sensitive
to longitudinal dispersion. As discussed in Cho (1971), the
terms with ri in the exponential arguments of Equation 2
can be simplified by expressing ri as a generalized
binomial series (Abramowitz and Stegun 1972):

ri = v

2Dx

(
1 −

√
1 + 4Dx

ki

v2

)
= −ki

v
+ aL

k2
i

v2
+ · · ·

(8)

where the free-solution diffusion coefficient is assumed
to be 0. An examination of Equation 8 indicates that ri ≈
−ki/v when aLk2

i � v2. In advection-dominated zones
with relatively slowly degrading compounds, the argu-
ments of the exponential functions in the analytic solution
(Equation 2) can be represented using Damköhler num-
bers Dai = kix/v, which express the relative importance
of reaction vs. advection for species i. Given that ri

occurs only in the exponential arguments for each chem-
ical of an arbitrary number of members in a decay chain
(Srinivasan and Clement 2008), the approximation ri ≈
−ki/v is also applicable for advection-dominated trans-
port of subsequent degradation product solutions. Many
aquifers with chlorinated solvents satisfy this approxima-
tion (aLk2

i � v2), and in this case, the steady-state plume
concentrations can be approximated reasonably well using
advection-reaction analytical solutions (Equation 4). The
advantage of this approximation is the absence of the need
for a value of the longitudinal dispersivity value, which
is difficult to accurately quantify in the field.

The sensitivity of longitudinal dispersivity for the 1D
case was examined using dimensionless plots to more
fully analyze when the steady-state, advection-dominated
analytical solution (Equation 4) may be applicable.
Figure 1 presents a plot of the ratio of the analytical solu-
tion (Equation 4a) of the parent for the advection-reaction
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Figure 1. Examination of ratio of 1D steady-state parent analytical solution (Equation 4a) for advection-reaction equation
(aL = 0) to the 1D steady-state parent analytical solution (Equation 2a) for advection-dispersion-reaction equation as a
function of Peclet number for several values of parent Damköhler numbers.

equation (Dx = 0) to the analytical solution (Equation 2a)
for the advection-dispersion-reaction equation as a func-
tion of dimensionless Peclet number with several values of
dimensionless Damköhler numbers. The percent relative
error (%RE) can be determined from the dimension-
less plots using %RE = (Cno disp − Cdisp)/Cdisp × 100 =
(Cno disp/Cdisp − 1) × 100. The dimensionless calcula-
tions and Equation 8 indicate that the percent relative
error between the advection-dominated and advection-
dispersion parent solutions is less than 10% when Da2

1/Pe
is less than 0.1. Figure 1 also indicates the percent rela-
tive error between the two solutions decreases to less than
15% when Pe increases to values greater than 6 (relatively
permeable aquifer) and Da1 decreases to values less than
1 (relatively slow degradation).

For the 3D steady-state case, West et al. (2007)
report percent relative errors ranging from 2.5% to 24%
between the parent 3D Domenico solution and exact
solution of Wexler (1992) along the plume centerline
using parameters defined in an example calculation.
Dimensionless analyses by Guyonnet and Neville (2004)
observed discrepancies between the steady-state parent
Domenico solution and exact solution presented in Sagar
(1982) both along and away from the plume center-
line for intermediate values of Peclet number between
0.1 and 6. Pfannkuch (1963) indicates this range of
Pe corresponds to the region where hydrodynamic dis-
persion and molecular diffusion both affect transport.
For Pe > 6 and the 3D case with transverse disper-
sion, Guyonnet and Neville (2004) report relatively small
differences between the Domenico and exact 3D par-
ent solution (Sagar 1982) along the plume centerline

particularly when steady-state conditions were reached.
For a given Peclet number, the difference between
the Domenico and exact 3D parent solutions (Sagar
1982) becomes less as the source dimensions increase.
Srinivasan et al. (2007) have shown the Domenico
solution approaches the advection-dominated 3D par-
ent solution as the longitudinal dispersivity approaches
zero. As shown in these studies, the 3D advection-
dominated steady-state parent solution becomes a rea-
sonable approximation to the 3D steady-state advection-
dispersion equation at sites where the groundwater veloc-
ity is higher and the longitudinal dispersivity is lower.

Figure 2 presents plots of the ratio of the daughter
solution (Equation 4b) of the advection-reaction (aL = 0)
equation to the daughter solution (Equation 2b) for the
1D advection-dispersion-reaction equation for daughter
Damköhler numbers (Da2) ranging from 0 to 100. In
the first plot (Figure 2a), the parent Damköhler number
(Da1) is equal to 0.1. In the second plot (Figure 2b),
the parent Damköhler number (Da1) is equal to 1.0. An
examination of these plots also indicates that the percent
relative error of the advection-reaction solution decreases
to less than 15% of the advection-dispersion-reaction
equation when the parent Damköhler number is less
than 1 (relatively slow degradation) and the Peclet number
increases to values greater than 6 (relatively permeable).
Dimensionless analyses indicate that this result holds
for all daughter Damköhler numbers when Da1 < 1 and
Pe > 6.

These results indicate that the 1D, steady-state
advection-dominated analytical solution (Equation 4) is
reasonably accurate for examining the transport of slowly
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(a)

(b)

Figure 2. Examination of ratio of 1D daughter analytical solution (Equation 4b) for advection-reaction (aL = 0) to the 1D
daughter analytical solution (Equation 2b) for advection-dispersion reaction as a function of Peclet number for several values
of daughter Damköhler numbers with: (a) parent Da1 = 0.1 and (b) parent Da1 = 1.0.

sequentially degrading contaminants (e.g., chlorinated
solvents) in higher permeability aquifers. Although the
relative error of the steady-state, advection-dominated
parent solution is relatively small for multidimensional
steady-state problems, the errors of the advection-
dominated approximation of the parent solutions will be
propagated to the daughter solutions. Additional analyses
are needed to quantify the accuracy of the steady-state,
advection-dominated approximation of daughter products
for the 2D and 3D cases.

Effect of First-Type vs. Third-Type Boundary Condition
for Source

In the 1D mathematical model presented earlier,
the source was represented using a first-type (Dirichlet)
boundary condition in which the concentration of the
source is specified at x = 0. Although the third-type
(Cauchy) boundary condition produces no mass balance
error at the inlet (Batu 2010), the percent relative error
in the mass balance at x = 0 for the parent becomes
small (less than 15%) for advection-dominated aquifers
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(Pe > 6) with contaminants having low degradation rates
(Da < 1). This can be seen by first noting that the
dimensionless parameter N = DxRdk1/v

2 in Batu (2010)
is equal to Da/Pe when degradation is assumed to
only occur in the aqueous phase. Inserting Da = 1
and Pe = 6 into N = Da/Pe, and examining the ratio
of the convective mass flux at x = 0 for the first
type in Batu (2010, Equation 31) to the third type
in Batu (2010, Equation 30) analytical solutions, the
ratio of the convective first- to third-type mass flux is
calculated to be 1.146. A similar analysis also shows
that the percent relative error in the ratio of calculated
concentration values for the first- and third-type analytical
solutions of the parent is less than 15% at any location
in the plume when Pa < 6 and Da < 1. Given this
relatively small difference in concentrations and the
typical variability in measured concentrations, the first-
and third-type boundary conditions for the source in
1D analytical solutions should yield similar results when
estimating rate constants in advection-dominated aquifers
with compounds such as chlorinated solvents that degrade
relatively slowly.

3D Advection-Dominated Steady-State
Analytical Solution for Three Species
Undergoing Sequential First-Order
Transformations with Vertical Planar Source

For advection-dominated zones, closed-form 2D and
3D analytical solutions were derived for three species
moving at a constant velocity with no longitudinal dis-
persion (Dx = 0), transverse dispersion, and undergoing
sequential first-order decay at steady-state plume con-
ditions. A conceptual picture for the 3D problem is
present in Figure 3. The governing partial differential

Figure 3. Conceptual picture of a vertical planar source with
only transverse dispersion and a constant velocity in the x
direction for the 3D advection-dominated (no longitudinal
dispersion) first-order sequential decay multispecies analyti-
cal solution.

equations (PDEs) for the 3D case with a vertical planar
source are:

v
∂C1

∂x
= Dy

∂2C1

∂y2
+ Dz

∂2C1

∂z2
− k1C1 (9a)

v
∂C2

∂x
= Dy

∂2C2

∂y2
+ Dz

∂2C2

∂z2
− k2C2 + k1y21C1 (9b)

v
∂C3

∂x
= Dy

∂2C3

∂y2
+ Dz

∂2C3

∂z2
− k3C3 + k2y32C2 (9c)

C1(0, y, z) = C10

C2(0, y, t) = C20 − W

2
< y <

W

2
− H

2
< z <

H

2

C3(0, y, t) = C30

C1(0, y, z) = C2(0, y, z) = C3(0, y, z) = 0 elsewhere
(9d)

∂C1

∂x
,
∂C2

∂x
,
∂C3

∂x
→ 0 as x → ∞

∂C1

∂y
,
∂C2

∂y
,
∂C3

∂y
→ 0 as y → ± ∞

∂C1

∂z
,
∂C2

∂z
,
∂C3

∂z
→ 0 as z → ± ∞

where Dy is the horizontal transverse dispersion coeffi-
cient, Dz is the vertical transverse dispersion coefficient,
W is the width of the source zone, and H is the thick-
ness of the source zone. These coupled, linear PDEs can
be solved sequentially as shown in the Appendix. The
analytical solution for this 3D case is:

Parent

C1 = C10

4
e−k1x/v

[
erf

{
y + W

2

2
√

ayx

}
− erf

{
y − W

2

2
√

ayx

}]

·
[

erf

{
z + H

2

2
√

azx

}
− erf

{
z − H

2

2
√

azx

}]
(10a)

Daughter:

C2 =
[
C20

4
e−k2x/v + C10

4

k1y21

k1 − k2
(e−k2x/v − e−k1x/v)

]

·
[

erf

{
y + W

2

2
√

ayx

}
− erf

{
y − W

2

2
√

ayx

}]

·
[

erf

{
z + H

2

2
√

azx

}
− erf

{
z − H

2

2
√

azx

}]
(10b)

Granddaughter:

C3 = 1

4

·
⎡
⎣(C30e−k3x/v− C10k1y21k2y32

(k1−k2)(k1−k3)
(e−k3x/v − e−k1x/v)

+
[

C10k1y21k2y32
(k1−k2)(k2−k3)

+ C20k2y32
(k2−k3)

]
(e−k3x/v − e−k2x/v)

⎤
⎦
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·
[

erf

{
y + W

2

2
√

ayx

}
− erf

{
y − W

2

2
√

ayx

}]

·
[

erf

{
z + H

2

2
√

azx

}
− erf

{
z − H

2

2
√

azx

}]
(10c)

where ay and az are the dispersivities in the y and z direc-
tions, respectively. The parent solution (Equation 10a) is
in agreement with the solution presented in Srinivasan
et al. (2007), which is at steady state behind the front (x <

vt). Srinivasan et al. (2007) also showed that the modified-
Domenico solution (Martyn-Hayden and Robbins 1997) is
equal to Equation 10a when the longitudinal dispersivity
is 0.

2D Advection-Dominated Steady-State
Analytical Solution for Three Species
Undergoing Sequential First-Order
Transformations with Finite-Width Line Source

For cases where the aquifer thickness is relatively
small and concentrations do not vary significantly with
depth, a 2D model can be used. The governing equations
for the 2D mathematical model with no longitudinal
hydrodynamic dispersion for a finite-width line source are:

v
∂C1

∂x
= Dy

∂2C1

∂y2
− k1C1 (11a)

v
∂C2

∂x
= Dy

∂2C2

∂y2
− k2C2 + k1y21C1 (11b)

v
∂C3

∂x
= Dy

∂2C3

∂y2
− k3C3 + k2y32C2 (11c)

C1(0, y) = C10

C2(0, y) = C20 − W

2
< y <

W

2
(11d)

C3(0, y) = C30

C1(0, y, z) = C2(0, y, z) = C3(0, y, z)

= 0 elsewhere

∂C1

∂x
,
∂C2

∂x
,
∂C3

∂x
→ 0 as x → ∞

∂C1

∂y
,
∂C2

∂y
,
∂C3

∂y
→ 0 as y → ± ∞

The derivation for this 2D model is similar to the
method for the 3D model discussed in the Appendix. The
analytical solution (Burnell et al. 2010) for this 2D model
is:

Parent:

C1 = C10

2
e−k1x/v

[
erf

{
y + W

2

2
√

ayx

}
− erf

{
y − W

2

2
√

ayx

}]

(12a)

Daughter:

C2 =
[
C20

2
e−k2x/v + C10

2

k1y21

k1 − k2
(e−k2x/v − e−k1x/v)

]

·
[

erf

{
y + W

2

2
√

ayx

}
− erf

{
y − W

2

2
√

ayx

}]
(12b)

Granddaughter:

C3 =
⎡
⎣C30

2 e−k3x/v − C10k1y21k2y32
2(k1−k2)(k1−k3)

(e−k3x/v − e−k1x/v)

+
[

C10k1y21k2y32
2(k1−k2)(k2−k3)

+ C20k2y32
2(k2−k3)

]
(e−k3x/v − e−k2x/v)

⎤
⎦

·
[

erf

{
y + W

2

2
√

ayx

}
− erf

{
y − W

2

2
√

ayx

}]
(12c)

In the 2D and 3D models, biodegradation is assumed
to occur only in the aqueous phase. When biodegradation
is assumed to occur in both the aqueous and sorbed
phases, the rate constant ki should be replaced by Riki

where Ri is the retardation factor of species i with
i = 1, 2, and 3. Because the longitudinal dispersivity is 0,
the first- and third-type boundary conditions are identical
and there is no error in mass balance at the inlet in these
advection-dominated analytical solutions.

The closed form of these analytical solutions has the
advantage of both easy incorporation into spreadsheets
and rapid computation without errors from: (1) numerical
integration; (2) occurrence of large arguments in exponen-
tial functions causing numerical overflow; (3) occurrence
of complex numbers in arguments of exponential and
error functions; or (4) inaccuracies which occur in mod-
els based on the Domenico (1987) solution when nonzero
values for the longitudinal dispersivity are specified.
These steady-state solutions are computationally efficient
in comparison to the large run times from multiple time
steps that transient analytical solution codes or numerical
models may require to reach steady state. These analyti-
cal solutions can also be used to examine the accuracy of
numerical models that can have errors from artificial dis-
persion and overshoot oscillations. When longitudinal
dispersion is significant, the advection-dominated analyti-
cal solutions will not accurately predict concentrations as
shown for the Domenico (1987) solution (Srinivasan et al.
2007; West et al. 2007).

Analysis of 1D, 2D, and 3D Analytical Solutions

Approximate Time to Reach Steady State for 1D
Analytical Solution

As observed at numerous sites where degradation
is occurring, approximate steady-state conditions are
reached when source zones persist over sufficient periods
of time for the plumes to grow and stabilize. The time
for plumes to reach approximate steady-state conditions
over a given downgradient distance can be estimated using
the analytical solution to the 1D advection-dispersion
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equation with first-order decay and constant concentration
source (Bear 1972). In general, the second term in the
analytical solution presented in Bear (1972, p. 630) is
relatively small when x/aL is large (Ogata and Banks
1961; Bear 1979). For typical field data values, the general
solution can be approximated by:

C ∼= C0

2
e
(

vx
2Dx

−βx
)
erfc

(
x −

√
v2/R + 4k1Dx/Rt

2
√

Dxt/R

)

(13)

where C is the concentration, C0 is the source
concentration, β = (v2/R2 + 4k1Dx/R)1/2, erfc is the
complementary error function, x is the downgradient dis-
tance from the source, t is time, v is the average linear
groundwater velocity, k1 is the first-order rate constant,
Dx is the longitudinal dispersion coefficient, and R is the
retardation factor.

The steady-state concentration (Cs) at downgradient
distance x can be found by taking the limit as t → ∞ of
Equation 13 to obtain:

Cs
∼= C0

2
e

vx
2Dx

−βx (14)

By setting C equal to αCs where α is the percent
of the steady-state concentration, setting t = tS, and
substituting for Cs from Equation 14, Equation 13 can
be solved (Burnell et al. 2010) for the time (tS) that
approximate steady state occurs to give:

tS ∼= R

β

(
xβ

1
2

R
+ 2η2Dx + 2η

(
xRDxβ

1
2 + η2Dx

) 1
2

)

(15)

where η = erf−1(2α − 1) is the argument of the error
function that gives the value 2α − 1, which is tabu-
lated in Abramowitz and Stegun (1972). For example,
by setting α = 0.5, Equation 15 becomes t = Rx/(v(1 +
4axk1R/v)0.5, which is the time for a given distance
x to reach 50% of its steady-state level (McCallister
1996). The use of this 50% criterion can significantly
underestimate the time to approximate steady-state con-
ditions and may not even give the time for the advective
front to reach a given distance as shown in the case
study in the following. For the multispecies equations,
the highest retardation factor of the chemicals should
be used to improve the estimate. Equation 15 indicates
that steady-state conditions occur earlier at sites with
higher groundwater velocities, lower retardation factors,
and higher degradation rates. Equation 15 also shows that
concentrations approach steady state first near the source
and then sequentially later at increasing downgradient
locations after the advective front passes.

Spatial Moments of 1D Multispecies Plumes
As the normalized concentration can be represented

as a probability density function, spatial moments can

be calculated in order to concisely quantify the location
and extent of steady-state multispecies plumes. For the
1D constant concentration source analytical solution of
the parent (Equation 2a), the zeroth-order moment (total
mass M1 in the plume), first-order moment (centroid x̂1),
and second-order moment (mass distribution of the plume
about the centroid σ 2

1 ) are given by:

M1 =
∫ ∞

0
C1(x)dx =

∫ ∞

0
C10er1xdx = −C10

r1
= C10L1

(16)

x̂1 =
∫ ∞

0 xC1(x)dx

M1
=

∫ ∞
0 C10xer1xdx

C10L1
=

1
r2
1

L1
= L1

(17)

σ 2
1 =

∫ ∞
0 (x − x̂1)

2C1(x)dx

M1

=
∫ ∞

0 C10(x − L1)
2er1xdx

C10L1
= L2

1 (18)

where L1 = 1/|r1| is the plume centroid and is given by:

L1 = v + √
v(v + 4k1aL)

2k1
(19)

When aL = 0 in Equation 19, it is seen that L1 =
v/k1. For the steady-state plume concentration of the
parent in Equation 2a, Chapelle et al. (2003) refer to
|r1| as the natural attenuation capacity (NAC), which
can be considered the contaminant reducing capacity
of an aquifer per unit length along the groundwater
flowpath. Thus, the reciprocal of NAC is the plume
centroid. When log concentration data are plotted vs.
distance from the source in order to estimate rate constants
(Buscheck and Alcantar 1995), the plume centroid can
also be estimated from the slope (r1 = −1/L1) of
the linear trend fit of log concentration vs. distance.
Examination of the log concentration vs. distance slope
r1 in the analytical solution (Equation 2a) indicates that
the slope is negative (finite plume centroid distance)
when degradation is occurring and is 0 (infinite plume
centroid distance) when degradation is not occurring.
The slope r1 is more negative (lower plume centroid
distance) with lower values of groundwater velocity,
lower values of the hydrodynamic dispersion coefficient,
or higher values of the rate constant. Conversely, the
plume centroid is larger when the velocity is higher,
longitudinal dispersion is higher, or degradation rate is
lower for this analytical solution with a first-type boundary
condition.

Table 1 displays the zero-, first-, and second-order
spatial moments for the parent, daughter, and granddaugh-
ter compounds, respectively, for the analytical solution in
Equation 2, which has nonzero concentrations for the par-
ent, daughter, and granddaughter species in the source
term. Petersen and Sun (2000) provide a summary of
sequential first-order reactive plume zero-, first-, and
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Table 1
Spatial Moments of Parent, Daughter, and Granddaughter for 1D Multispecies Analytical Solution

for Constant Concentration Source (Equation 2)

Zero-Order Plume Mass (Mi ), First-Order Plume Centroid (x̂i ), and Second-Order Plume Distribution
About Centroid (σ 2

i ) Spatial Moments

Parent M1 = C10L1

x̂1 = L1

σ 2
1 = L2

1

Daughter M2 = C20L2 + C10
k1y21

k1 − k2
(L2 − L1)

x̂2 = C10k1y21(L2
2 − L2

1) + C20L2
2(k1 − k2)

C10k1y21(L2 − L1) + C20(k1 − k2)L2

σ 2
2 =

C10
k1y21
k1−k2

[2(L3
2 − L3

1) + 2x̂2(L2
1 − L2

2) + x̂2
2 (L2 − L1)] + C20(2L3

2 − 2x̂2L2
2 + x̂2

2 L2)

C10
k1y21
k1−k2

(L2 − L1) + C20L2

Granddaughter M3 = C30L3 − C10k1y21k2y32

(k1 − k2)(k1 − k3)
(L3 − L1) +

[
C10k1y21k2y32

(k1 − k2)(k2 − k3)
+ C20k2y32

(k2 − k3)

]
(L3 − L2)

x̂3 = 1

M3
·

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

[
C10k1y21k2y32

(k1 − k2)(k1 − k3)

]
L2

1 −
[

C10k1y21k2y32

(k1 − k2)(k2 − k3)
+ C20k2y32

(k2 − k3)

]
L2

2

+
[

C10k1y21k2y32

(k1 − k3)(k2 − k3)
+ C20k2y32

(k2 − k3)
+ C30

]
L2

3

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

σ 2
3 = 1

M3
·

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

C10k1y21k2y32

(k1 − k2)(k3 − k1)
[2(L3

3 − L3
1) + 2x̂3(L2

1 − L2
3) + x̂2

3 (L3 − L1)]

+
[

C10k1y21k2y32

(k1 − k2)(k2 − k3)
+ C20K2y32

(k2 − k3)

]
·[2(L3

3 − L3
2) + 2x̂3(L2

2 − L2
3) + x̂2

3 (L3 − L2)]

+ C30(2L3
3 − 2x̂3L2

3 + x̂2
3 L3)

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

Note: Li = v + √
v (v + 4ki aL)

2ki
.

second-order statistical moments for four members of the
1D steady-state analytical solution for a constant concen-
tration of parent and zero concentration of daughter prod-
ucts in the source term. As expected, the spatial moments
in Table 1 simplify to the spatial moments in Petersen and
Sun (2000) when C20 and C30 are 0.

Maximum Concentration of Degradation Products in 1D
Steady-State Analytical Solution

When a steady-state daughter product plume initially
increases and later decreases in concentration away
from the source, both the distance to the maximum
daughter concentration and the concentration value at
this distance can be estimated. By taking the derivative
of Equation 2b, setting it equal to 0 and simplifying,
the downgradient distance (xm2) where the maximum
daughter concentration occurs is given by:

xm2 = 1

r2 − r1
ln

[
C10k1y21r1

r2C10k1y21 + C20r2(k1 − k2)

]
(20)

where ln is the natural log function. The maximum
value of the daughter product C2max, when it occurs, can

be found by inserting Equation 20 into Equation 2b to
give:

C2 max =
(

C10k1y21

k1 − k2
+ C20

)
(br2/r2−r1 − br1/r1−r2)

(21)

where

b = C10k1y21r1

r2C10k1y21 + C20r2(k1 − k2)
.

When no daughter source is present, a maximum
daughter product concentration level will always occur
at the downgradient distance

xm2 =
ln

(
r1
r2

)
r2 − r1

with a maximum value of:

C2 max = C10k1y21(r1 − r2)

r2(k1 − k2)

(
r1

r2

) r1
r2−r1

(22)
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For the granddaughter product, a similar approach can
be used to obtain the distance (xm3) to its downgradient
maximum value by taking the derivative of Equation 2c
and setting equal to 0 to give:

C10er1xm3 + C20
y21k1

k2 − y21k1
(r1er1xm3 − r2er2xm3)

= C30r3er3xm3 − C10k1y21k2y32

(k1 − k2)(k1 − k3)

× (r3er3xm3 − r1er1xm3) (23)

+
[

C10k1y21k2y32

(k1 − k2)(k2 − k3)
+ C20k2y32

k2 − k3

]

× (r3er3xm3 − r2er2xm3)

Although this downgradient distance (xm3) where
the maximum concentration occurs for the granddaugh-
ter cannot be solved explicitly, it can still be solved
numerically as a root of Equation 23, and the maximum
concentration can then be determined using Equation 2c.
These equations can be used to estimate the downgradi-
ent distance and maximum concentration of degradation
products during risk assessment calculations particularly
when the degradation products are more toxic than
the parent. These equations can also be used to esti-
mate degradation product rate constants (Burnell et al.
2007).

Uncertainty of Advection-Dominated 1D Model vs. 2D
and 3D Models Along Plume Centerline

Along the plume centerline (y = 0 and z = 0), the
ratio of the 2D and 3D advection-dominated analytical
solutions to the 1D advection-dominated analytical solu-
tion is given by erf(W/4

√
a, x) and erf(W/4

√
ayx)

erf(H/4
√

azx), respectively. Because erf(u) is less than
one for nonzero u, the 2D and 3D model plume
centerline concentrations are always lower than a 1D
model at a given downgradient location. The down-
gradient distance along the plume centerline that the
1D advection-dominated is within α %RE of the 2D
advection-dominated model can be estimated by:

x <
W 2

16ay[erf−1(1 − α)]2
(24)

where erf−1 is the inverse error function. The percent
relative error (%RE) for the 1D model approximation of
the 3D model plume centerline concentration is:

%RE =
[

1

erf(W/4
√

ayx)erf(H/4
√

azx)
− 1

]
× 100

(25)

For a given α %RE, Equation 25 can be solved
numerically to determine the downgradient distances that
are consistent with this level of accuracy. When both
W/4

√
ayx and H/4

√
azx are less than 1, which is

typically the case away from the source

erf(W/4
√

ayx) erf(H/4
√

azx) ≈ WH

16x
√

ayaz

.

Thus, the ratio of the 1D model to the 3D
model plume centerline concentration has an approx-
imate relative error of (16x

√
ayaz)/WH . In addition

to errors resulting from the assumption of no lon-
gitudinal dispersion, this equation indicates that a
1D advection-dominated model approximation of a 3D
advection-dominated model plume centerline concen-
tration will be less accurate for larger downgradient
distances, smaller source dimensions, and to a lesser
extent for larger horizontal and vertical transverse dis-
persivity values.

Comparison of 1D Advection-Dispersion Analytical
Solution with BICHLOR Model

Figure 4 shows a comparison of the steady-state,
1D advection-dispersion multispecies analytical solution
(Equation 2) with the BICHLOR model (Aziz et al.
2000) along the plume centerline. The model parameter
values are given in Table 2 with a large value (105

feet) specified for the source width and depth, and a
small value (1 × 10−5 feet) specified for the vertical
and horizontal transverse dispersivity values in order to
construct a 1D problem. Results of the comparison show
agreement between BIOCHLOR and the 1D advection-
dispersion analytical solution. An examination of the
transient equations used in BIOCHLOR indicates that they
simplify at 1D steady state to the same equations as the
1D analytical solution. Agreement was also observed by
Burnell (2002) in a 1D comparison of BIOCHLOR with
the numerical multispecies code MT3D99. These results
indicate that BIOCHLOR can produce accurate solutions
in 1D multispecies problems.

Comparison of 2D and 3D Advection-Dominated
Analytical Solutions with BICHLOR Model

Figure 5 shows a comparison of the steady-state,
3D advection-dispersion multispecies analytical solution
(Equation 10) with the BICHLOR model (Aziz et al.
2000) along the plume centerline using the model param-
eter values in Table 2. In BIOCHLOR, the longitudinal
dispersivity value was assigned a low value of 0.0001 feet
to represent advection-dominated conditions and a large
time value of 1000 years was used to represent steady-
state conditions. In addition, the source height was 25 feet
in BIOCHLOR to simulate the lower half of the z-plane.
Results of the comparison indicate agreement between
BIOCHLOR and the 3D advection-dominated analytical
solution. Figure 6 shows a comparison of the 3D analyti-
cal solution with BIOCHLOR at x = 1000 feet along the
y axis and z axis. Results of this comparison also show
agreement between the two solutions. An examination of
the transient equations used in BIOCHLOR indicates that
they simplify at steady state with no longitudinal disper-
sion to the same equations as the 3D analytical solution.
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Figure 4. Comparison of 1D advection-dispersion sequential first-order decay multispecies analytical solution (Equation 2)
and BIOCHLOR for TCE, DCE, and VC along the plume centerline.

These results indicate that BIOCHLOR can produce accu-
rate 3D steady-state, multispecies model results when the
longitudinal dispersivity is 0.

Application to Estimate Biodegradation Rate
Constants

The 1D steady-state advection-dominated analytical
solution (Equation 2 with ri ≈ −ki /v) was applied to
estimate TCE, DCE, and VC first-order rate constants for

1984 quasi-steady state plume conditions at the Harris
CERCLA site in Palm Bay, FL. The site consists of
relatively permeable sands and is naturally anaerobic.
Both redox and hydrogen data indicate that sulfate
reduction is the dominant terminal electron accepting
process (TEAP). Groundwater sampling confirmed the
presence of the Dehalococcoides genus, which is likely
responsible for the observed sequential transformation of
TCE, DCE, and VC via reductive dechlorination to ethene
(Burnell et al. 2003).

Table 2
1D, 2D, and 3D Model Parameter Values

Model Parameter Value References

Source concentration (C10, C20, and C30) 4.2 mg/L (TCE)
3.4 mg/L (DCE)
1.47 mg/L (VC)

Average observed total TCE, DCE, and VC
at near source well GS-35S in 1984
(Geraghty & Miller 1987)

Source width (W ) 150 ft Geraghty & Miller (1987) report
Source thickness (H ) 50 ft Geraghty & Miller (1987) report
Average linear groundwater velocity (v ) 600 ft/year Burnell (2002, 2010)
Longitudinal, dispersivity (ax ) 85 ft Burnell (2002, 2010)
Horizontal transverse dispersivity (ay ) 1 ft Estimated based on match of 2D model to

observed plume width
Vertical transverse dispersivity (az ) 0.1 ft Estimated based on match of 3D model to

observed plume vertical extent
Effective yield coefficient (yij ) y21 = 0.74

y32 = 0.64
Calculated stoichiometrically using

TCE-to-DCE and DCE-to-VC reactions.
Parent rate constant (k1) 0.81/year Calibrated value from 1D advection-reaction

model
Daughter rate constant (k2) 0.74/year Calibrated value from 1D advection-reaction

model
Granddaughter rate constant (k3) 0.69/year Calibrated value from 1D advection-reaction

model
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Figure 5. Comparison of 3D advection-dominated (no longitudinal dispersion) sequential first-order decay multispecies
analytical solution and BIOCHLOR for TCE, DCE, and VC along the plume centerline.

On the basis of the observed limited organic carbon
in the deep zone (R = 1), an observed plume distance
of 2500 feet, and parameters in Table 2, the estimated
time to reach steady-state plume conditions is 5.8 years
using Equation 15. Since the TCE spill occurred in 1967,
the assumption of steady-state plumes using average
concentration data in 1984 is reasonable.

The parameters used for the analytical transport
modeling analyses in this study are summarized in
Table 2. On the basis of these site-specific parameters and
the equations in Table 1, the zeroth-order (plume mass per
unit area), first-order (plume centroid), and second-order
(plume distribution about centroid) spatial moments for
TCE, DCE, and VC plumes are summarized in Table 3.
These estimated spatial moments are consistent with the
observed plume distribution at the Harris site (Burnell
2002, 2010).

Using estimated ranges of rate constants of TCE,
DCE, and VC from other sites in the United States
(Aronson and Howard 1997; Suarez and Rifai 1999), the
advection-dominated approximation aLk2

i � v2 is met,
which indicates that 1D steady-state plume concentrations
are relatively insensitive to longitudinal dispersivity
for the parameter values at this site. The horizontal
and vertical transverse dispersivity values were not
well constrained. Therefore, the simpler 1D advection-
dominated analytical model (Equation 2) with ri = −ki/v

was applied to estimate the biodegradation rate constants
by varying the rate constants to match average TCE, DCE,
and VC data in 1984 from wells located along the plume
centerline (Figure 7). Using a least squares approach
for the concentration residuals and successive estimation
(Sun et al. 2001), the estimated average rate constants

were 0.81, 0.74, and 0.69/year for TCE, DCE, and VC,
respectively. Using these rate constants in Equations 2
and 23, a maximum VC concentration of 1830 μg/L was
estimated to occur at a downgradient distance of 750 feet,
which is consistent with the field data (Figure 7).

The estimated rate constants from a 1D analytic solu-
tion are likely overestimated because of the assumption
of a point source release with negligible transverse dis-
persion. This assumption causes overestimates of plume
concentrations along the plume centerline with concomi-
tant higher rate constants being needed to match the
observed data (Beyer et al. 2007). Additional sources
of uncertainty in these estimated rate constants may
include deviations from model assumptions, uncertainties
in model parameter values, and use of monitor well data
that are not screened exactly along the plume centerline
(McNab and Dooher 1998). Additional discussion of the
applicability of 1D models is provided in Newell et al.
(2002) and Zhang and Heathcote (2003). Martian et al.
(2003) discusses the sensitivity of estimate rate constants
to various parameters for a 2D model. The approximation
ri ≈ −ki /v in the advection-dominated solutions indicates
that the uncertainty in estimated rate constants using 1D,
2D, and 3D advection-dominated models is directly pro-
portional to the uncertainty in the average linear ground-
water velocity. Because the uncertainty of the ground-
water velocity can be as high as an order of magnitude
particularly when slug tests are used to estimate the hor-
izontal hydraulic conductivity, the error in the velocity
value can be a primary source of uncertainty in estimated
rate constants using analytical solutions.

Using site-specific parameters in Table 2, the 1D
advection-dispersion, 2D advection-dominated, and 3D

12 D.K. Burnell et al. GROUND WATER NGWA.org



(a)

(b)

Figure 6. Comparison of 3D advection-dominated (no longitudinal dispersion) sequential first-order decay multispecies
analytical solution and BIOCHLOR for TCE, DCE, and VC at x = 1000 ft: (a) along the y axis and (b) along the z axis.

advection-dominated analytical solutions were also
matched to the plume centerline data by estimating the
rate constants using a nonlinear least square approach.
The results are summarized in Table 4. The 1D advection-
dispersion model rate constants were higher for TCE and
DCE (percent relative differences of 12 and 5.4%, respec-
tively) with similar relative errors for VC in comparison to
the 1D advection-dominated model. This occurs because
longitudinal dispersion increases downgradient concentra-
tions and therefore higher rate constants are required to
match the data. In the 2D and 3D models, the estimated

rate constants of TCE, DCE, and VC were generally lower
than the 1D model. For TCE, the 2D and 3D model rate
constants were lower with different differences of 6.2 and
11%. For DCE, the 2D and 3D model rate constants were
lower by 6.8 and 18%. For VC, the 2D and 3D model
rate constants were lower by 20 and 33%.

Figure 7 presents simulated and observed TCE, DCE,
and VC plume concentrations along the plume centerline
for both the 1D (Equation 2 with ri ≈ −ki /v) and 3D
(Equation 10) analytical solutions using the parameters in
Table 2. In this plot, the rate constants in the 3D model are
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Table 3
Spatial Moments of Parent, Daughter, and Grand-
daughter Using 1D Analytical Solution (Equation

2) for Plumes at the Harris CERCLA site

Plume Mass per
Unit Area (Mi )

Plume
Centroid x̂i

Plume
Distribution

About
Centroid (σi )

TCE M1 = 0.0902 kg/ft2 x̂1 = 758 ft σ1 = 758 ft
DCE M2 = 0.158 kg/ft2 x̂2 = 1235 ft σ2 = 1093 ft
VC M3 = 0.142 kg/ft2 x̂3 = 1828 ft σ3 = 1431 ft

Table 4
Estimated First-Order Biodegradation Rate

Constants for Each Analytical Solution Match to
Plume Centerline Data

1D
Advection-
Dispersion

1D
Advection-
Dominated

2D
Advection-
Dominated

3D
Advection-
Dominated

TCE 0.91/year 0.81/year 0.76/year 0.72/year
DCE 0.78/year 0.74/year 0.69/year 0.61/year
VC 0.69/year 0.69/year 0.55/year 0.46/year

given the same values as the 1D model in order to examine
the effect of transverse dispersion. An examination of the
parent and daughter product concentrations in Figure 7
indicates that the 1D and 3D concentrations are similar

near the source but the 3D concentrations become
lower with increasingly downgradient distance because
of horizontal and vertical transverse dispersion. The 2D
analytical solution curves (not shown) lie between the
1D and 3D curves and therefore have a similar trend
but with less difference in concentrations than the 1D
and 3D models. Using Equation 24 and the parameters in
Table 2, the %RE between the 1D advection-dominated
analytical solution and 2D solution is less than 20%
for downgradient centerline distances less than 1736 feet,
which includes all the data used at this site. For the
1D advection-dominated model approximation of the 3D
model plume centerline concentration, Equation 25 shows
that the %RE increases from approximately 0% near the
source and increases to approximately 50% at the last
downgradient data point (Figure 7).

Discussion of Results
The 1D dimensionless analyses of the advection-

dispersion and advection-dominated analytical solutions
indicated that the 1D advection-dominated multispecies
analytical solution is reasonably accurate for Pe > 6 and
Da < 1. When the longitudinal dispersivity is 0 (plug
flow), the front is not sharp because of mass removal
by degradation. When the longitudinal dispersivity is
nonzero, degradation reduces the amount of longitudi-
nal spreading of the plumes. In other words, although
longitudinal dispersion is occurring, the spreading is
diminished by degradation and the advection-dominated
solution is reasonably accurate when Pe > 6 and Da <

1. This effect also occurs during aerobic degradation
where dispersion causes the contaminants to contact

Figure 7. Observed vs. simulated 1984 steady-state concentrations of TCE, cis 1,2 DCE, and VC along the plume centerline
using 1D and 3D advection-dominated (no longitudinal dispersion) sequential first-order decay multispecies analytical
solutions.
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more oxygen-rich groundwater (Lester and Mercer
1995).

For the 3D case, sensitivity analyses by Srinivasan
et al. (2007) indicated that the 3D advection-dominated,
modified-Domenico solution underestimated plume cen-
terline concentrations in comparison to the exact analytical
solution (Wexler 1992). In addition, the widths of the
plumes from the advection-dominated solution were wider
than the exact analytical solution in Wexler (1992). Given
that the steady-state modified-Domenico solution is iden-
tical to the 3D parent solution (Equation 10a), this 3D
advection-dominated analytical solution also will over
predict parent plume widths and underestimate parent
plume centerline concentrations in comparison to exact
analytical solutions that include longitudinal dispersion.
This error will be propagated to the daughter compounds.
To our knowledge, there are no known exact 3D multi-
species analytical solutions for a constant concentration
source with longitudinal dispersion that are available for
comparison to the 3D multispecies advection-dominated
daughter solutions presented in this paper. Numerical
modeling, which can include longitudinal dispersion, is
recommended to more fully examine the uncertainty of
3D advection-dominated multispecies models.

For a site in Palm Bay, FL, the application of steady-
state, 1D advection-dominated analytical solution yielded
first-order biodegradation rate constants values of 0.81,
0.74, and 0.69/year, respectively, for TCE, DCE, and
VC. These estimated rate constants were higher than
the values of 0.46, 0.53, and 0.43/year for TCE, DCE,
and VC, respectively, which were estimated using a
calibrated 3D numerical model to both transient plume
development and dissipation over a 20-year period from
1981 to 2001 (Burnell 2002, 2010). The higher rate
constants in the 1D analytical solution are likely caused
primarily by uncertainty in the groundwater velocity
and to a lesser extent by the absence of hydrodynamic
dispersion in this model. When source dimensions and
the transverse dispersivity values are well defined, 2D
and 3D models will likely give more accurate answers.
When there is significant uncertainty in these parameters,
the 1D model may be preferable because of the sensitivity
that different values of transverse dispersivity and source
dimensions will have on the results. For aquifers with high
groundwater velocities and source dimensions similar to
this site, the simpler 1D advection-dominated analytical
solution, which does not require difficult to determine field
parameters such as longitudinal and transverse dispersivity
or source dimensions, can be a useful tool for estimating
rate constants of parent and daughter products.

Summary and Conclusions
Multispecies models have an advantage over single

species models for estimating daughter product rates
constants because multispecies models can account for
accumulation from parent compounds. In relatively
permeable aquifers (Pe > 6) with slowly degrading
compounds (Da < 1), dimensionless analyses indicate

that the 1D steady-state advection-dispersion-reaction ana-
lytical solutions of the parent and daughter products are
relatively insensitive to longitudinal dispersivity with per-
cent relative errors decreasing to less than 15% between
the advection-dominated and advection-dispersion solu-
tions. Given that this difference is generally less than the
uncertainty in the average groundwater velocity, which
is one of the primary sources of uncertainty in these
models, the use of 1D advection-dominated models is rea-
sonable when Pe > 6 and Da < 1. As an application, a 1D
advection-dominated analytical solution is applied to esti-
mate field-scale rate constants of 0.81, 0.74, and 0.69/year
for TCE, DCE, and VC, respectively, at the Harris Palm
Bay, FL site.

A closed-form 1D steady-state analytical solution
for advection, longitudinal dispersion, and sequential
first-order transformation of three species is presented
for a constant concentration source boundary condition.
Zero-, first-, and second-order spatial moments were
calculated for this 1D analytical solution. An equation
for estimating the time to reach steady-state conditions
was also derived. In an example calculation, the 1D,
steady-state advection-dispersion analytical solution was
found to be in agreement with BIOCHLOR indicating that
the BIOCHLOR code produces accurate results for 1D,
steady-state simulations with advection and longitudinal
dispersion.

For advection-dominated aquifers where source di-
mensions and transverse dispersivity values are reasonably
well defined, steady-state, 2D and 3D advection-domi-
nated (no longitudinal dispersion) multispecies analytical
solutions were also derived. These exact closed-form ana-
lytic solutions can easily be used in spreadsheets, are
computationally efficient, and are useful for examining the
accuracy of numerical models. These multidimensional
models can also utilize groundwater data not located along
the plume centerline. The 3D, steady-state advection-
dominated analytical solution was in agreement with an
example calculation using BIOCHLOR indicating that
BIOCHLOR produces accurate results in multidimen-
sional, steady-state simulations when the longitudinal
dispersivity is zero. Additional analyses are recommended
to examine the errors of degradation product concentra-
tions in BIOCHLOR for nonzero values of longitudinal
dispersivity.
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Appendix

Derivation of Steady-State 3-D Solution for First-Order
Sequentially Degrading Species in Advection-Dominated
Zones

For advection-dominated aquifers, the derivation of
a steady-state, 3-D closed form analytical solution is
presented below. This analytical solution can utilize
downgradient data at any location or depth. For the steady-
state 3-D case, the governing equations (Equation 9) are
solved first for the parent concentration (C ′

1) of a point
source whose boundary condition is specified as:

C ′
1(0, y, z) = C10δ(y − y ′)(z − z′) (A1)

where y ′ and z′ are the location of the point source
and δ(y − y ′)(z − z′) is the Dirac delta function. Setting
C1 = C ′

1 in Equation 9a and taking a double Fourier
transform (Haberman 1987) of this equation in y and z,
the transformed equation is:

∂C̄ ′
1

∂x
= −ayw

2
1C̄

′
1 − azw

2
2C̄

′
1 − k1

v
C̄ ′

1 (A2)

where w1 and w2 are the Fourier transform variables
for y and z, respectively, and C̄ ′

1 is the double Fourier
transform of C ′

1. The transform of the boundary condition
(Equation A1) is:

C̄ ′
1(0, y, z) = C10

(2π)2
ei(w1y′+w2z′) (A3)

where i is a complex number. This first order ODE
(Equation A2) and boundary condition (Equation A3) can
be solved to obtain:

C̄ ′
1 = C10

(2π)2
e
−

(
ayw2

1+azw
2
2+ k1

v

)
x+iw1y′+iw2z′

(A4)

Taking inverse double Fourier transforms (Haberman
1987) of Equation A4 and using the shift property, the
point source solution is given as:

C ′
1 = C10

4πx
√

ayaz

e
−

[
k1x

v + (y−y′)2
4ayx

+ (z−z′)2
4azx

]
(A5)

For a constant concentration patch source, we can
integrate Equation A5 with respect to y ′ from −W /2 to
W /2 and with respect to z′ from −H /2 to H /2 using
the integration formula in Gradshteyn and Ryzhik (1994,
p. 113, Equation 2.33) to obtain Equation 10a. This parent
solution (Equation 10a) is in agreement with the transient
solution behind the front (x < vt), which is at steady state,
as presented in Srinivasan et al. (2007).

Once the parent solution is known, the daughter
and granddaughter analytical solutions could be found
using a transformation procedure (Sun et al. 1999) to
uncouple Equations 9a, 9b, and 9c. In this paper, the
solution for the daughter product (C2) in Equation 9b is
found by first inserting the parent solution (Equation 10a)

into the last term on the right side of Equation 9b,
and then using a method similar to the method of
undetermined coefficients for differential equations. As
discussed in Sneddon (1957), because the daughter PDE
(Equation 9b) is nonhomogeneous and linear, one can first
solve the homogeneous form of this equation, and then
add a particular solution in such a way that the initial
and boundary conditions are satisfied. The homogeneous
solution of Equation 9b is:

C2H = C20

4
e−k2x/v

(
erf

{
y + W

2

2
√

ayx

}
− erf

{
y − W

2

2
√

ayx

})

·
(

erf

{
z + H

2

2
√

azx

}
− erf

{
z − H

2

2
√

azx

})
(A6)

The particular solution is found by assuming a solution of
the form:

C2P = Ae−k1x/v

(
erf

{
y + W

2

2
√

ayx

}
− erf

{
y − W

2

2
√

ayx

})

·
(

erf

{
z + H

2

2
√

azx

}
− erf

{
z − H

2

2
√

azx

})
(A7)

By inserting Equation A7 into Equation 9b, the particular
solution is found to be:

C2P = C10

4

k1y21

k1 − k2
e−k1x/v

·
(

erf

{
y + W

2

2
√

ayx

}
− erf

{
y − W

2

2
√

ayx

})

·
(

erf

{
z + H

2

2
√

azx

}
− erf

{
z − H

2

2
√

azx

})
(A8)

By applying the initial and boundary conditions, the
solution for the daughter product (C2) is then found to
be Equation 10b.

The solution for the granddaughter product (C3)
is derived by first inserting the daughter solution
(Equation 10b) into the last term of Equation 9c. Using
the same modified method of undetermined coefficients
approach as described earlier, the granddaughter solution
is found to be Equation 10c.
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