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[1] A three-dimensional (3-D) analysis of transport and macrodispersion at the
Macrodispersion Experiment (MADE) site [Boggs et al., 1993] using the Fractional
Advection-Dispersion Equation (FADE) developed by Meerschaert et al. [1999, 2001]
shows that the Levy dispersion process is scale dependent. Levy dispersion may be
superior to Gaussian dispersion on a sufficiently small scale; on larger scales, both theories
are likely to suffer from the fact that because of depositional structures most flow fields
display an evolving, nonstationary structure. Motion in such fields is advection-
dominated, displays a lot of memory and therefore is not modeled well by Markov random
processes which underlie the derivation of both the Gaussian and Levy advection-
dispersion equations [Berkowitz et al., 2002]. To improve plume simulation of an
advection-dominated transport process, one would have to bring in more advective
irregularity while simultaneously decreasing the Levy dispersion coefficient. Therefore, on
a 3-D basis, first-order Levy dispersion has limitations similar to Gaussian dispersion.
However, this and related theories, such as the continuous time random walk (CTRW)
formalism, are in the early stages of development and thus may be fruitful areas for further
research. INDEX TERMS: 1829 Hydrology: Groundwater hydrology; 1832 Hydrology: Groundwater

transport; 1869 Hydrology: Stochastic processes; 3210 Mathematical Geophysics: Modeling; KEYWORDS:
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1. Introduction

[2] The scale dependency problems of the traditional
advection-dispersion equation (ADE) are well known. One
plausible explanation for the observed scale dependence of
the traditional dispersivity is that the resulting dispersion is
based on the mechanics of Brownian motion [Benson et
al., 2000, 2001], while macroscopic random trajectories in
heterogeneous porous media may be better described by
Levy motion. The increments of an important subset of
Levy motions are described statistically by the Levy
probability density function (LPDF), which includes the
Gaussian distribution (GPDF) as a special case [Samor-
odnitsky and Taqqu, 1994]. There are several unique
aspects of the generalized LPDF. Since the distribution
has an infinite variance, very large increments have
sufficient probability to occur on a regular basis. This
causes the resulting mass transport (Levy diffusion) at any
point x to be nonlocal, i.e. mass located at a finite distance
from x can cause a flux at x [Cushman and Ginn, 2000;

Molz et al., 2002]. In addition, unlike the symmetrical
GPDF, the LPDF can display skewness, which is repre-
sented by a skewness parameter b (�1 � b � 1). This
parameter allows a distinction to be made physically
between diffusion (b = 0) and hydraulic-gradient-driven
dispersion (b > 0). Since it is well known that dispersive
transport is biased toward the down-gradient direction, the
skewness property of the LPDF offers the opportunity to
model such nonsymmetrical ‘‘diffusion’’. In fact, a well-
known problem with the traditional Gaussian dispersion
theory is that it often predicts unrealistically large up-
gradient transport.

[3] While a three-dimensional theory of fractional (Levy)
dispersion has been developed recently [Meerschaert et al.,
1999, 2001], most hydrological applications to date have
been one-dimensional [Benson et al., 2000, 2001; Pachep-
shy et al., 2000]. These applications have been intriguing
and promising, but transport in heterogeneous porous media
is inherently 3-D, and a 1-D application may obscure much
of the physical process that is actually occurring, especially
if a 3-D concentration distribution is averaged to produce a
1-D distribution. Therefore this technical note will present
the results of a 3-D simulation of tracer transport at the
MADE site [Boggs et al., 1992, 1993] using the FADE in a
constant, mean velocity, flow field. Except for the increased
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dimensionality, this is similar to the application presented
by Benson et al. [2001]. Among other things, the results
show clearly that during the time period of the MADE test,
the transport was highly advection-dominated, with the
FADE grossly overpredicting dispersion if parameters
resulting from the previous 1-D study are used.

2. Fourier Series-Based Solution of the
Generalized 3-D FADE

[4] Starting with the 3-D Fokker–Planck equation
derived by Meerschaert et al. [1999, 2001], we consider a
slightly more general case wherein particle motions are
governed by a 3-D Levy process having different parame-
ters a, b and B (Levy index, shewness parameter, and
fractional dispersion coefficient, respectively) in the three
principal directions x, y, and z. Because more general
versions of the 3-D FADE are possible, including formula-
tions where the time derivative is also fractional, we call our
treatment ‘‘first-order’’. (For related work, see Baeumer et
al. [2001] and Benson et al. [2001]) It is meant to be
analogous to the manner in which the 3-D GADE or the 3-D
dual-domain transport equation has been applied to field
data [Feehley et al., 2000], and a direct generalization of the
previous study of Benson et al. [2001]. This first-order
equation may be written as
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where ai and bi are the Levy stable index and skewness
parameter in the ith direction, respectively (i = x, y, z), vi is
the velocity component in the ith direction, Bi is the
fractional dispersion coefficient in the ith direction (with the
dimension of L�aT�1), D±

a are a order left side (+) or right
side (�) fractional derivatives [Samko et al., 1993], and C is
solute concentration. It is easy to show that for Gaussian
random motions, ax = ay = az = 2; bx = by = bz = 0, and the
classical 3-D ADE is recovered from equation (1) [Benson et
al., 2000, 2001]. When ax < 2 and ay = az = 2 equation (1)
describes a scenario wherein solute particles undergo
displacements that have infinite variance, or heavy-tailed,
increment distributions in the x (longitudinal) direction and
finite variance increment distributions in the y and z
(transverse) directions. Since transverse dispersion is
observed to be much smaller than longitudinal dispersion,
this is a reasonable model for macrodispersion in the field.
However, our conclusions are unchanged if Levy dispersion
is allowed in all three principal directions, and this has been
verified computationally.

[5] It is known that numerical solutions of the FADE
(equation (1)) in infinite domains may be obtained using
Fourier transform techniques [Ogata and Banks, 1961]. As
outlined below for the 3-D case, we use a Fourier transform
to obtain the solution of equation (1) in Fourier space, and
then transform the solution to physical space via an inverse
Fourier transform. This is essentially a multidimensional

generalization of the methodology discussed by [Benson et
al., 2000].

[6] First, taking the Fourier transforms [F(k) =
R

eikxf (x)dx]
of both sides of equation (1) with respect to x, y, and z
yields
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Note that ~f (k) is the Fourier transform of function f (x), and
only constant mean velocities in the x, y, z directions are
considered herein. Using standard techniques for the
solution of linear ordinary differential equations with
constant coefficients, the solution in Fourier space may be
obtained as
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where Di = Bi|cos(aip/2)|, i = x, y, z. Ã(kx, ky , kz) is a
constant and

sign kð Þ ¼
1; if k > 0;
0; if k ¼ 0;

�1; if k < 0:

8<
:

At time t = 0, equation (3) becomes

~C kx; ky; kz; 0
� �
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� �
ð4Þ

If the initial concentration distribution is C(x, y, z, 0) = C0(x,
y, z) then

~C kx; ky; kz; 0
� �

¼ ~C0 kx; ky; kz

� �
ð5Þ

Thus comparison of equations (4) and (5) results in

~A kx; ky; kz

� �
¼ ~C0 kx; ky; kz

� �
ð6Þ

[7] To obtain the solution of equation (1) satisfying the
chosen initial condition, one first computes the Fourier
transform of the initial concentration distribution ~C0(kx,
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ky , kz) numerically; then the product of the right-hand side
of equation (3) is computed; and finally the inverse Fourier
transform of equation (3) returns one to physical space.
Using the 3-D Fast Fourier Transform (FFT) algorithm of
Press et al. [1986] reduces computation time significantly.

3. Comparison of the Computed Concentration
Distributions to Observed Concentration
Distributions at the MADE Site

[8] In one of the two tracer tests at the Macrodispersion
Experiment (MADE) site [Boggs et al., 1993], the MADE-
2 test, a total of 9.7 m3 of tritiated water was injected into
a linear array of 5 wells spaced one meter apart, with the
total injection rate being 3.3 � 10�3 m3/min. Five snap-
shots of the tracer concentration distributions were col-
lected, and those snapshots corresponding to 27, 132, 224
and 328 days after injection are presented in Figures 2a
through 5a, respectively. The plumes at days 224 and 328
are remarkably elongated in the down-gradient direction,
with long, but highly structured and irregular tails. (It
should be pointed out that due to the presence of a few
higher concentration measurements on the left side of the
source location, the transverse plume shape in this region
at day 224 seems to be inconsistent with the shape at day
328. We do not have a good explanation for this obser-
vation, other than an experimental anomaly. However,
because we focus on the longitudinal plume evolution,
this observation will not change the general conclusions
that result.) In order to display the plumes resulting from
the collected data, we used the inverse distance weighting
method (IDWM) in TECPLOT, in which the eight nearest
points and an exponent of 5 were used to interpolate or
extrapolate concentration data. It is understood that the
detailed solute concentration interpolations are somewhat
dependent on the interpolating techniques, but the indi-
cated structure in the plume would be real, because the
interpolation would act to smooth the data, not increase
the irregularity.

[9] For the purpose of comparing our numerically-com-
puted analytical simulations of the 3-D FADE to the field-
based concentration profiles at the MADE site, and also to
compare our 3-D results with previous 1-D results, we adopt
values for a, b, B and v in the longitudinal, y, direction
developed by Benson et al., [2000]; that is, ay = 1.1, by =

1.0, By = 0.15 m1.1/day and vy = 0.12 m/day. To simulate
Fickian dispersion in both transverse directions, ax (hori-
zontal) and az (vertical) = 2.0 and bx and bz = 0 are used.
The dispersivities used to compute the dispersion coeffi-
cients, B, in the vertical and transverse directions were
selected to be 4 cm, which are small and typical of local
field dispersivities in the transverse directions [Molz and
Widdowson, 1988]. When multiplied by the mean velocity
of 0.12 m/day, they yield transverse dispersion coefficients
of 0.005 m2/day. The mean velocities in the transverse
directions, vx and vz, are set to zero.

[10] Although the analytical approach described in sec-
tion 2 is for an infinite domain, we use a finite computa-
tional domain to obtain an approximate numerical solution
(Figure 1). To achieve accurate numerical evaluations, a
relatively small block size with dx = 0.5 m, dy = 0.5 m and
dz = 0.5 m is used. This requires that 256 by 1024 by 32
grid points be used in the x, y and z directions, respectively.
Since the total source release time of 48.5 hours is small
compared to 27, 132, 224 and 328 days, the initial concen-
tration distribution is represented as a rectangular prism
with a uniform concentration of 55,610 pCi/cm3 [Feehley et
al., 2000]. Total volume of the prism is 10 m3 (i.e., 4 m �
2.5 m � 1 m), which is close to the 9.7 m3 injection volume
(Figure 1).

[11] Before applying the developed FORTRAN code to
analyze the MADE experiment using the FADE, we tested
numerical results against analytic solutions for the 3D
Gaussian case (ax = ay = az = 2; bx = by = bz = 0.), and
found they were in good agreement. The four numerical
simulations for days 27, 132, 224, and 328 are presented
also in Figures 2b through 5b. Although the numerical
concentration distributions have long tails in the longitudi-
nal direction and very little up-gradient dispersion, which
are features often observed in the field, the differences
between the data and the simulations are revealing and
familiar.

4. Results and Discussion

[12] One familiar observation is that the (constant) frac-
tional dispersion coefficient selected to match the 1-D data
[Benson et al., 2001] data overpredicts dispersion for the
shorter travel times (Figures 2 and 3) and underpredicts it
for the longer travel times (Figures 4 and 5). In addition, the

Figure 1. Schematic illustration of the computational transport domain. The initial source location and
mean flow direction are indicated also.
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Figure 2. (a) The observed concentration profile at day 27; (b) the simulated concentration profile at
day 27. See color version of this figure at back of this issue.

Figure 3. (a) The observed concentration profile at day 132. (It appears that the data were somewhat
truncated during this measurement cycle.) (b) The simulated concentration profile at day 132. See color
version of this figure at back of this issue.
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obvious structure and irregularity in the plume data imply
that the transport process is advection dominated, while the
simulated transport is Levy-dispersion-dominated. The
actual field dispersion process must be highly subdued or

else the irregularities would be smoothed out. Irregularities
are seen to persist, however, on both large and small plume
scales over the entire duration of the experiment. Molz and
Widdowson [1988] used a similar observation and argument

Figure 4. (a) The observed concentration profile at day 224; (b) the simulated concentration profile at
day 224. See color version of this figure at back of this issue.

Figure 5. (a) The observed concentration profile at day 328; (b) the simulated concentration profile at
day 328. See color version of this figure at back of this issue.
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that implied small ‘‘true’’ dispersivities for Gaussian dis-
persion processes.

[13] Several quantitative measures of the differences
between the measured and simulated plumes are listed in
Table 1. Consistent with visual observation, at early times
(days 27 and 132), the simulation overpredicts the distances
of plume migration, while at later times (days 224 and 328)
distances of plume migration are underpredicted. For exam-
ple, at day 132 the simulated plume travels to near Y =
170 m where the concentration of tritium first reaches 2
pCi/cm3, the background concentration. However, the
actual plume front is located near Y = 85.4 m at day 132.
At day 224, the tritium concentration of 2 pCi/cm3 is
observed near Y = 276.1 m, while the simulated plume
concentration of 2 pCi/ cm3 is observed near Y = 191 m.

[14] Just as in the Gaussian case, in order to produce a
more realistic plume model, the heterogeneous hydraulic
conductivity (K) distribution would have to be measured in
more detail, and the resulting variable advection field
included in the model [Feehley et al., 2000]. Then the
actual (diffusion-like) dispersion needed to spread the
plume would be much less. Just as in the Gaussian case,
one might wonder what would happen if the transport
process went on for a long time. Would something analo-
gous to a ‘‘Fickian limit’’ (A Levian limit?) be reached?
Since the Levy PDF is subject to a generalized central limit
theorem [Samorodnitsky and Taqqu, 1994], it appears that
such a limit would be possible, but only if the heteroge-
neous advective motions were equivalent to the superim-
posing of independent stochastic processes within the Levy
domain of attraction. It seems to us that an evolving (non-
stationary) heterogeneity would cause the same theoretical
problems that it causes in the Gaussian case as far as
reaching a Fickian limit is concerned [Taylor, 1953; Berko-
witz et al., 2002]. However, it may be that the Levy
approach provides a better theory of smaller-scale disper-
sion than the Gaussian approach, due to the natural ability
of the theory to limit up-gradient dispersion. An open
question is ‘‘What advective detail is needed so that
Equation (1), or an appropriate generalization, becomes a
realistic model of tracer transport in natural porous media?’’

To help answer such questions, progress toward solving the
FADE in finite domains with variable advection is needed.

5. Conclusions

[15] A three-dimensional analysis of transport and macro-
dispersion at the MADE site using the FADE developed by
Meerschaert et al. [1999, 2001] shows by direct comparison
to the field data at different times that the first-order Levy
dispersion process considered herein is scale dependent in
the commonly understood sense. The persistent, irregular
concentration distribution that characterizes the MADE data
implies an advection-dominated transport process, so to
improve plume simulation one is led logically to bring in
more advective detail while simultaneously decreasing the
Levy dispersion coefficient. Thus, on a 3-D basis, first
order, Levy-based dispersion has problems similar to Gaus-
sian-based dispersion.

[16] It still may be that Levy dispersion is superior to
Gaussian dispersion on a sufficiently small scale, but that
would have to be verified experimentally. On larger scales,
both theories are likely to suffer from the fact that due to
depositional structure, such as layering, and geologic facies
changes, most flow fields display an evolving, nonsta-
tionary structure. Motion in such fields is advection-domi-
nated, displays a lot of memory and therefore is not
modeled well by Markov random processes, which under-
lie the derivation of both the Gaussian and Levy advection-
dispersion equations [Meerschaert et al., 1999, 2000;
Berkowitz et al., 2002]. We offer these conclusions not to
discourage the development of exciting new transport
theories, but to provide what seem to be several realistic
observations within which progress will have to proceed.
Since Levy-based dispersion theory is in the early stages of
development, there are likely to be many opportunities for
useful generalization. As shown in recent publications, the
Levy theory may be derived within the more general
framework of continuous time random walk (CTRW)
processes [Berkowitz and Scher, 1995; Berkowitz et al.,
2000, 2002]. Due to the generality of the CTRW formal-
ism, advantages and disadvantages of many different
theoretical approaches for modeling contaminant transport
may be displayed. Nevertheless, we would like to close
with an observation concerning the assumption of random-
ness in porous media. When a geologist observes a cross-
section of a natural porous medium, that person is usually
impressed by the fascinating structure that is present on
many scales, not the randomness of what is seen (e.g.,
snow on a TV screen). One must proceed with care when
attempting to model highly irregular, but structured, pro-
cesses as being random.
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Figure 2. (a) The observed concentration profile at day 27; (b) the simulated concentration profile at
day 27.

Figure 3. (a) The observed concentration profile at day 132. (It appears that the data were somewhat
truncated during this measurement cycle.) (b) The simulated concentration profile at day 132.
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Figure 4. (a) The observed concentration profile at day 224; (b) the simulated concentration profile at
day 224.

Figure 5. (a) The observed concentration profile at day 328; (b) the simulated concentration profile at
day 328.
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